We investigate magnetic phase in the bilayer system of ultra-cold bosons in an optical lattice, which is involved with Raman-induced spin-orbit (SO) coupling and laser-assisted interlayer tunneling. It is shown that there exit a rich of spin textures such as hetero ferromagnet, heterochiral magnet, chiral magnet with interlayer antiferromagnet. In particular, heterochiral magnet induced by SO coupling occurs extremely rarely in real solid-state materials. We present detailed experimental setup of realizing such a model in cold atom system.
I. INTRODUCTION
The spin-orbit (SO) coupling in the systems of ultracold bosonic atoms [1] and fermionic atoms [2, 3] have been realized experimentally. The combination of the creation technique of SO coupling with Feshbach resonances and optical lattice (OL) enables the production of exotic many-body states, e.g., the novel quantum spin states [4, 5] and the spin-Hall effect [6, 7] , which may be found in the conventional solid-state system but are difficult to be realized experimentally. Furthermore, in solid-state materials, the SO coupling stems from its essential parameters so that some relevant physics is hardly explored due to the limited system parameters. By contrast, artificial SO coupling in the cold atomic system can be adjusted in a large parameter regime via laser beams, which enable it a desirable candidate for exploiting some complex mechanism induced by the coupling.
Recently, an increasing interest concerns on synthetic twodimensional (2D) and higher-dimensional SO coupling, which is crucial for realizing high-dimensional topological matters. Several theoretical works propose some feasible ways to generate high-dimensional SO coupling in ultracold atomic system, for example, by employing optical field to couple internal states [8] [9] [10] [11] [12] or by using magnetic-field-gradient pulse [13, 14] as well as Raman laser pulse [15] . Since 1D SO coupling with an equal weight of Rashba and Dresselhaus terms has been achieved experimentally [1] [2] [3] , theoretical attempt to realize 2D (3D) SO coupling by employing 1D SO coupling in some special geometric systems has been presented; for example, analogous Rashba SO can be realized by 1D SO acting on the bilayer system despite the configuration of several lasers keeps experimental challenge [16] . Recent experiments for realizing 2D SO coupling in ultracold Fermi gases confirms the possibility of such routine [17] .
In what follows, we propose a theoretic model corresponding to an experimentally accessible bilayer system with 1D SO coupling to realize 2D SO coupling [18] . By employing optical lattice and taking strong interatomic interaction into account, we derive an effective spin Hamiltonian based on the second-order perturbation theory in Sec. II B. Moreover, we explore magnetic phases of such Hamiltonian and its origination associated with the SO coupling. We find that there exit a rich of spin textures such as hetero ferromagnet, heterochiral magnet, chiral magnet with interlayer antiferromagnet. In particular, heterochiral magnet induced by SO coupling occurs extremely rarely in real solid-state materials. Finally, we stress that our results provide qualitative understanding for complex magnetic phenomena, which is involved with interlayer tunneling and SO coupling, and the underlying mechanism might be relevant and inspired to some novel magnetic materials.
II. BILAYER BEC IN OPTICAL LATTICE

A. Single-particle Hamiltonian
The bilayer system is fabricated by an atomic BEC with two internal (quasi-spin) states trapped in a tilted double-well potential along z direction and 2D optical lattice in the xy plane. In the initial step, we take the four combined spin-layer states |γ, a ≡ |γ spin ⊗ |a layer as the states required for the ring coupling scheme for generating the Rashba-type SOC [11] . Here γ =↑, ↓ denotes an internal (quasi-spin) atomic state and a = 1, 2 labels the a-th layer. The level scheme for the single-particle tunneling process and the associated laser configuration are shown in Fig. 1 . The details for producing laserassisted interlayer tunneling and intralayer SO coupling are given in Appendix A. The relevant single-particle Hamiltonian yields,Ĥ
where the interlayer coupling term
Je i2κy |γ, 2 γ, 1| + h.c. , and the intralayer coupling term
Under the basis |ψ = (|ψ 2↑ , |ψ 2↓ , |ψ 1↑ , |ψ 1↓ ), we expand H ′ 0 into a matrix form and eliminate the position-dependent A level scheme involving two atomic internal (γ =↑, ↓) states and two layers a = 1, 2 formed by a double-well potential along the zdirection. The two-dimensional optical lattice, which is not shown in Fig. 1 (a) , is switched on in the xy plane and the laser directions are respectively x-and y-axises. The atoms can move within each layer in the xy plane and the layers are separated between each other by a distance d in the z direction. In a proper chosen frequencies, the Raman transition is realized by E0 and E1 whereas the laserassisted interlayer tunneling is produced by E0 and E2. The phase difference 2φ for the Raman coupling in two layers is contributed by E0 as it provides the z component to the Raman coupling. We are particularly interested in the π phase difference between layers, i.e., φ = π/2. The more details have been shown in the Appendix A.
term in off-diagonal part by employing unitary transformation
In the situation, we concentrate particularly on, that the π phase difference induced by Raman coupling between the upper and lower layer (φ = π/2),Ĥ 0 reads in the second quantization terminology,
where σ x,y,z are the spin-1/2 representation of Pauli matrices, and ǫ a (r) =
+ V (r) with A a = κxσ z + (−1) a κŷ. In the following step, we consider the influence of optical lattice on such system under the tight-binding approximation, whereψ a (r) = iψ a,i ω i (r). Thus in such a lattice system and considering the occupation of atoms in the lowest energy band, Hamiltonian (3) can be written intô
where R ax = exp (iA a · dx) and R ay = exp (iA a · dŷ).
Here we have taken the grid size d as the unit of length, i.e.,
In Appendix B, we show that the lowest energy dispersion according to Hamiltonian (4) displays four degenerate minimal, in an analogous way to the 2D square lattice system with SO coupling [4, 5] . Since some prior works have discussed the (contact) interaction effect on the superposition of four degenerate minima and predicted some various superfluid pattern phases [5, 16, 23 ], we will not repeat such issue here and will concentrate on the strongly coupling Mott insulator regime where two-body interaction is much larger than all tunneling terms.
B. Strongly coupling Mott regime
Without loss of generality, we consider that the two-body interaction yields the form,
where U is onsite interatomic interaction coupling length and λ is the ratio between the onsite interatomic interaction in the same internal state and the interaction in different internal states.
At unit filling and when U/t, U/J, U/Ω approaches infinity, the strong repulsive interactions restrict one boson occupy one site. In absence of any tunnelings, the spin states of the bilayer system are highly degenerate and an arbitrary spin state at each site can exist. When finitely large tunnelings are involved (but still much smaller than U ), the degeneracy of the spin states is broken and some spin correlations and magnetic orders are built. Therefore we address specifically some exotic magnetic phenomena and its associated mechanism induced by these tunnelings in the bilayer system.
The already existing tunnelings, t, J, Ω, enable the possibility of the transition between the ground state for Ω = t = J = 0 and its exciting states. We denote the ground state and potential excitation state as |GS and |ES , respectively. By employing perturbation theory up to O(t 2 /U ) [35] , we desire for deriving an effective spin Hamiltonian through
After some nontrivial treatment, we obtain the effective spin Hamiltonian in the strongly coupling Mott regime,
where the inlayer exchange coupling constants J α δ and the interlayer exchange coupling constants J α ⊥ have the following forms: [24, 25] and the DM vector
Uλẑ . Owing to spin inversion symmetry breaking as a result of some topological magnetic orders, the DM interaction attracts much attention in the material science. Some rich spin textures, such as spin spirals [26, 27] and skyrmions [28] [29] [30] , and stable chiral ferromagnetic domain walls [31] are induced by DM interaction. In contrast to these materials where the ratio of the DM interaction to the exchange interaction couplings are conventionally fixed and relatively small, the DM interaction here can be tuned up to the order of the exchange interaction energy by adjusting the intensity or polarization of the Raman lasers [1] [2] [3] 17] .
III. VARIOUS SPIN GROUND STATE
For symmetry reasons and taking the implication of experiments into account, we restrict our discussion in the regime of κ ∈ 0, π 2 and λ ∈ 1 2 , 2 . Since quantum calculations for Eq. (6) is nearly intractable, we investigate its magnetic phase within mean-field regime, where a quantum spin is treated into a classical one. The relevant phase diagram is obtained by classical Monte Carlo method. Before performing that, we start our discussion from some extreme cases and obtain some analytic results and generic sense, which serve for further understanding in more complex and general cases. For example, for Ω = 0, the negative J α ⊥ indicates that spin structure in one layer is a copy of the other layer and thus the issue of double layers can be simplified into the single layer under the treatment of mean field. Similarly the negative J α y makes the 2D issue into 1D issue. In what following, we begin to discuss magnetic properties in the extreme case of SO coupling Ω → 0 and then transit to general cases with finitely large SO coupling.
A. In the limit of Ω → 0 For a finitely large J and Ω → 0, the effective Hamiltonian can be easily derived from Eq.(6) by the meanfield approximation mentioned above,
which is the combination of the standard 1D XXZ model and DM interaction. In absence of DM term (κ = 0), for λ < 1, H spin has a XY paramagnetic ground state, while for λ > 1, it displays a ferromagnet along theẑ direction. We now capture some solvable cases for κ = 0, which are partially similar to Ref. [32] .
For λ = 1, one can perform rotation transformation for each spin S α i along its S z i axis, then choose a constant rotation angle difference between the two nearest-neighbor spin operators, and finally obtain an isotropic ferromagnetic Heisenberg model [33] 
. This is the combination of the onedimensional Ising model and DM interaction and has been studied by the quantum renormalization-group and exact diagonalization methods [34] . For λ < 1, the DM term dominates and the system is a chiral xy magnet, while for λ > 1, it is â z-direction ferromagnetic state.
B. Spin-orbit coupling Ω = 0
For finitely large SO coupling, the stagger "magnetic field" in the bilayer system competes with the interlayer ferromagnetic coupling, which is contributed by the laser-assisted tunneling J. This results in possible complex magnetic structure, which is dependent on the layers. Besides when Ω becomes sufficiently large, the "magnetic field" can break inlayer magnetic structures, e.g., chiral magnet, so that the mechanism of magnetization with respect to different phases becomes not explicit.
For κ = 0, the DM term is absent and the system is inlayer ferromagnet. Yet there exists the competition between "magnetic field" raised by SO coupling and ferromagnetic Heisenberg term. Since the interlayer spin-spin interaction does not affect such competition, such case can be interpreted by the model of the two-site antiferromagnetic Heisenberg in a magnetic field, specifically,
In a classical treatment, it is obtained that when ΩU λ ≤ 4J 2 , the angle between two spins is 2 arcsin(ΩU λ/4J
2 ) and π for ΩU λ > 4J 2 . More generic cases for κ = 0 are conventionally analytically inaccessible, so we investigate the associated magnetic properties by numerically solving H spin in Eq.(6) via Monte Carlo annealing. For dimensionless parameters, we choose To identify the various magnetic phase, we define the average interlayer phase difference Γ = 1 M i,j |θ i,j,2 − θ i,j,1 |, where θ i,j,a is the angle of spin in the spatial grid position (i, j) of a-th layer and M is the total number of counted spins. Also the chiral order of spatial period is denoted by D, which is arisen from the period of sine function in Eq.(6). From the above derivation for λ = 1 and Ω → 0, D is the minimal positive integer which fulfills D = πn κ , where n ∈ Z ≥0 . Fig. 2 shows the influence of an increasing strength of spinorbit coupling Ω on two representative chiral states. As it is stressed, we perform many calculations according to a variety of system size and find that results are qualitatively identical.
For Ω = 0, the finitely large interlayer tunneling J makes the spin structure in one layer as a copy of the other layer [see (a1) and (b1)]. We denote such phase as chiral phase with interlayer ferromagnet (IFM). With a slightly increasing Ω, there is an angle between any two spins in the same position but different layer, θ i,j,2 − θ i,j,1 , which varies from 0 to π [see (a2) and (b2)]. To the best of our knowledge, two chiral states with a fixed angle between any two spins in different layer/film occur extremely rarely in the region of material science. We label such phase with 0 < Γ < π as heterochiral phase. Furthermore, when Ω is larger than a critical value, there exists antiferromagnetic correlation between any two spins S i,j,2 and S i,j,1 [see (a3) and (b3)]. We find that the critical value Ω c = 4J 2 Uλ , which originates from the model of two-site antiferromagnetic Heisenberg in a magnetic field. Note that up to the critical value, the chiral order is not broken, i.e., D = 5 corresponding to κ = 0.2π and 0.4π remains. We call such phase as chiral phase with interlayer antiferromagnet(IAFM). However, with a large increasing Ω, the "magnetic field" term affects significantly the inlayer chiral configuration, and the mechanism of magnetization for κ = 0.2π, where the nearest neighbor sites inx direction have ferromagnetic correlation, and for κ = 0.4π, where it displays the antiferromagnet, are different. In generic, for κ = 0.2π, D prefers to increase before the chiral state is completely magnetized (such state is referred as FM with IAFM) [see (a4) and (a5)], while for κ = 0.4π, D varies toward D = 2 prior to the occurrence of FM with IAFM [see (b4) and (b5)]. Here we denote the state with D = 2 as stripe state, a special chiral state. We argue that the distinct mechanism of magnetization for two types of chiral phase stems from the different spin correlation in the nearest neighbor sites, e.g., ferromagnet for κ = 0.2π and antiferromagnet for κ = 0.4π alongx direction.
On basis of intensive calculations, we summarize a representative phase diagram for such bilayer system and show it in Fig. 3 . The phase boundary is identified by comparing unbiased Monte Carlo annealed energies and variational energies of a variety of states at various κ as well as Ω [5] . Also we determine the boundary by analyzing the associated groundstate spin configuration via some physical qualities, such as Γ and D. Moreover, κ = 0 and κ = 0.5π correspond to inlayer FM and AFM alongx direction, respectively. Here we do not provide special demonstration for such two special cases in Fig. 3 , because FM and AFM can be essentially taken as a special chiral phase, i.e., D = 1 for FM and 2 for AFM. The transition between chiral with IFM and heterochiral as well as between heterochiral and chiral with IAFM (see Fig. 3 (a) and (b)) are attributed from the competition between SO coupling and laser-assisted tunneling. It can be explained approximately by the model of the two-site antiferromagnetic Heisenberg in a magnetic field. The energy variation from chiral with IFM to heterochiral is nearly smooth [see Fig. 3 (c) ]. We distinguish two types of phases by identifying its spin configuration: the state with Γ < Γ c where Γ c is a small value refers to chiral 2 ) for ΩU λ ≤ 4J 2 and π otherwise. Markers are numerically evaluated data points, and lines are a guide to the eye.
with IFM and the state with Γ c ≤ Γ < π corresponds to heterochiral. In our parameter regime, the transition point occurs in ΩUλ 4J 2 ≈ 0.003 where Γ c ≈ 10 −3 π. By contrast, the energy variations corresponding to Ω in the region of heterochiral and chiral with IAFM are explicitly different; the tunneling point between two phases appears exactly in ΩUλ 4J 2 = 1. It is manifested that the parameter regime for heterochiral can be significantly enlarged for a large J. Also we note that the average interlayer phase difference in these transitions can be described well by the model of two-site antiferromagnetic Heisenberg in a magnetic field [see Fig. 3 (e) ]. For a larger Ω, the stagger "magnetic field" can be comparable with the tunneling term between lattices t. The corresponding chiral order of spatial period becomes sensitive for Ω as well as κ, so that the transition point between chiral with IAFM and FM with IAFM are different with respect to various κ [see Fig. 3 (b) and (d) ]. In generic, a larger κ results in a larger Ω c . After complete magnetization, no more phase occurs.
IV. DISCUSSION AND CONCLUSION
The critical part for experimental implementation of the proposed bilayer SO-coupled system is to generate Ramaninduced SO coupling and laser-assisted interlayer tunneling. The details for such generation is shown in Appendix A. Two magnetic sublevels of the 87 Rb-type alkali atoms can be a candidate for the atomic internal (quasi-1/2) states, e.g., |F = 1, m F = 0 ≡ | ↑ and |F = 1, m F = −1 ≡ | ↓ . Since the magnetic phases in our bilayer system is qualitatively identical for λ < 1 (as well as for λ > 1), it indicates that there is a large degree of freedom for experiments to adjust the parameters of interaction in optical lattice according to the variant of spin configurations. A large challenge for the bilayer system is to measure its spin correlation for the complex magnetic phase, especially for chiral magnetic order. We suggest experiments to measure the case of Ω → 0, which corresponds to interlayer FM, in the first step, and then probe for the case of a relatively large Ω, which matches interlayer AFM. The experimental techniques for observing FM and AFM in cold atoms have existed, for example, spin-sensitive Bragg scattering experiments [20, 21] and in situ microscopy [36] [37] [38] . After two measurements for interlayer FM and AFM, experiments can explore the generic case of moderate Ω and compare its results with the above two cases.
In summary, we have found a variety of magnetic phases in the bilayer Bose-Hubbard model with 1D SO coupling. The representative magnetic phases, such as hetero ferromagnet and heterochiral magnet, are indicative for the competition between SO coupling and laser-assisted interlayer tunneling. We also note that in the realm of solid-state materials, the heterochiral magnet induced by SO coupling occurs extremely rarely. Our results offer a theoretical understanding for complex magnetic phenomena, which is involved with interlayer tunneling and SO coupling, and thus inspire material science to realize such magnetic phase. Moreover, in contract to the chiral phase with the ferromagnetic correlation between the nearest neighbor sites and the chiral phase with the antiferromagnetic correlation alongx direction, the strong " magnetic field" arisen from SO coupling breaks the chiral order of spatial period, D, in different ways: in the former, D prefers to increase before it is fully magnetized while decrease to D = 2 (stripe state) in the latter. The experimental realization for such bilayer model has been intensively discussed.
proposed in the main text, 87 Rb atoms with two magnetic sublevels, i.e., |F = 1, m F = 0 ≡ | ↑ and |F = 1, m F = −1 ≡ | ↓ , can be chosen for the atomic internal states in the bilayer system and the relevant g F /g J = −1/4. To avoid the involvement of the state |F = 1, m F = 1 in the ring coupling scheme, a sufficiently large magnetic field is required to generate a quadratic Zeeman shift as a result that the detuning between |F = 1, m F = 1 and | ↑ is much larger than the detuning between | ↑ and | ↓ (denoted by ∆ intra ). Additionally, to employ the minimum number of lasers in the scheme, a spin-independent asymmetric double-well potential is preferred and the bias energy for the atomic ground states localized in two layers, ∆ inter , can be made much smaller than the line width of electronic excited states. Figure 1 (a) illustrates a specific laser configuration which customizes the desirable intra-and interlayer couplings shown in Fig. 1 (b) . Here both layers are simultaneously illuminated by three laser beams labeled by E 0 , E 1 , and E 2 . Note that this experimentally accessed setup distinguishes from the one proposed by [16] , which is extremely difficult to be realized experimentally: the Raman transitions should be accompanied by a recoil in different direction for different layers and the interlayer laser-assisted tunneling should be realized by a recoil in different direction for different spin states.
We propose three lasers in such means, E 0 ∼xe i(k0z−ω0t) ,
This indicates that the intralayer spin-flip transitions emerge when the frequencies of the fields E 0 and E 1 are tuned to the two-photon resonance, i.e., δω 1 = ∆ intra . Therefore, the Hamiltonian of the intralayer Raman coupling can be written aŝ
Due to the strong confinement of double well alongẑ direction, the out-of-plane Raman recoil provides the difference 2φ = k 0 d for the Raman coupling in different layers. Clearly the phase difference can be tuned by either varying the doublewell separation d or the out-of-plane Raman recoil k 0 . As we concentrate on, φ = π/2 to fulfill the ring tunneling scheme [11] . The interlayer tunneling is attributed by E 0 and E 2 , where E * 0 · E 2 = 0 while E * 0 × E 2 = 0. To achieve the stateindependent interlayer transition, the oscillation frequency of a scalar light shift δω 2 is equal to ∆ inter . The resulting Hamiltonian for the laser-assisted tunneling yields,
where
is the interlayer coupling. Ω J is the associated Rabi frequency and ψ 1,2 (z) are the Wannier-like states localized at layer 1 or 2. Since ψ 1 (z) and ψ 2 (z) are orthogonal, the non-vanishing overlap integral J is contributed by the factor e ik0z . Finally, the time-dependent terms inĤ ′ intra andĤ ′ inter can be removed in the rotating frame. Also without loss of generality, we consider the length of the in-plane wave vectors are nearly the same, i.e., k x = k y = κ.
Appendix B: Single-Particle Dispersion
By performing Fourier transformation for Eq.(4), we write out the Hamiltonian H k in momentum space and after diagonalizing H k , we obtain four branches of energy spectra, E ±,± (k x , k y ) = −2t(cos k x + cos k y ) cos κ ± 4t 2 (sin 2 k x + sin 2 k y ) sin
where A = 4t 2 sin 2 k x sin 2 k y sin 2 κ + Ω 2 sin 2 k y + J 2 sin 2 k x . Supposing κ ∈ 0, π 2 (note d = 1) and because of t > 0, the lowest energy band fulfills E −,+ (k x , k y ). In generic, there exist four degenerate minima in the lowest band at Q 1 = (k 0 , k Fig. 4 (a) .
For Ω = J, the minima prefer k 0 = k ′ 0 so that the ground-state energy is similar to the one in the system of 2D OL with Rashbar SO coupling where the lower band has the form, E OL = −2t(cos k x + cos k y ) cos β − 2t sin β sin 2 k x + sin 2 k y with β Rashbar SO coupling length [5] . It is stressed that in the 2D OL, there exists a straight relation between the ground-state momentum and SO coupling strength, i.e., tan k 0 = (tan β)/ √ 2, while the single relation between k 0 and κ is absent in our bilayer system. Fig. 4 (b) shows the typical relation between k 0 and κ in the case of Ω = J. For t ≫ Ω, J, E −,+ (k x , k y ) ≈ −2t(cos k x + cos k y ) cos κ − 2t sin κ(| sin k x | + | sin k y |), and through ∂E −,+ /∂k x = ∂E −,+ /∂k y = 0, one can find k 0 = κ. This matches the dark solid line in Fig.,4 (b) where J/t = 0.01. For t ≪ Ω, J, it can be obtained that tan k 0 = tan κ/2, which coincides to the green line in Fig.,4 (b) where J/t = 100.
For Ω = J, the ground state favors k 0 = k ′ 0 . Since Ω and J play similar role in energy spectrum, according to various κ, the case of Ω = J affect merely the ratio between k 0 and k ′ 0 but don't show essential difference (or tendency) between them.
